Ramond-Ramond Cohomology and 0(D,D) T-duality 



IMTAK JEON,* KANGHOON Lee" AND JEONG-HYUCK PARK* 



^Department of Physics, Sogang University, Seoul 121-742, Korea 
^Center for Quantum Spacetime, Sogang University, Seoul 121-742, Korea 

imtak@ sogang . ac . kr , kanghoon@sogang.ac.kr, park@ sogang . ac . kr 



Abstract 

In the name of supersymmetric double field theory, superstring effective actions can be reformu- 
lated into simple forms. They feature a pair of vielbeins corresponding to the same spacetime met- 
ric, and hence enjoy double local Lorentz symmetries. In a manifestly covariant manner — with re- 
gard to 0(D, D) T-duality, diffeomorphism, B-field gauge symmetry and the pair of local Lorentz 
symmetries — we incorporate R-R potentials into double field theory. We take them as a single object 
which is in a bi-fundamental spinorial representation of the double Lorentz groups. We identify coho- 
mological structure relevant to the field strength. A priori, the R-R sector as well as all the fermions are 
0(D, D) singlet. Yet, gauge fixing the two vielbeins equal to each other modifies the 0(D, D) trans- 
formation rule to call for a compensating local Lorentz rotation, such that the R-R potential may turn 
into an 0(D, D) spinor and T-duality can flip the chirality exchanging type IIA and IIB supergravities. 
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1 Introduction 



Double field theory (DFT) tl|44|] may reformulate closed string effective actions i.e. supergravities into 
simple forms and manifest the 0(D, D) T-duality which is a genuine stringy feature 15|-|9j]. The manifes- 
tation is achieved by doubling the spacetime dimension, from D to D + D with coordinates x M — > y A = 
{Xfx, x u ), where the newly added coordinates x M correspond to the T-dual coordinates for the closed string 
winding mode I lol- 131. 



In particular, as for the 0(D,D) covariant description of the Neveu-Schwarz (NS) sector, DFT uses 
(D + D) -dimensional language or tensors, equipped with an 0(D, D) invariant constant metric, 



Jab 



( 



\ 



1 

1 



(1.1) 



Yet, DFT is not truly doubled since it is subject to a section condition (or "strong constraint" |3j]): all 
the fields are required to live on a D-dimensional null hyperplane, such that the 0(D, D) d'Alembertian 
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operator must be trivial acting on arbitrary fields as well as their products, 



d A d A <$> ~ , d A <5>id A <5>2 ^ . (1-2) 

The worldsheet origin of this constraint can be traced back to the closed string level-matching condition. 

Further, DFT unifies the diffeomorphism and the B-field gauge symmetry into what we may call 
'double-gauge symmetry,' as they are generated by the generalized Lie derivative J4, 13-1^1. 



C x T Al ... An :=x B 9 B r yll ... yl „+ WT 9BX i? r Al ... yl „+^(^ i x i3 -a i? x Ai )r Al ... Ai _ 1 B yli 



I— At 



(1.3) 



where oj t is the weight of T Al ... An and X A is the double-gauge symmetry parameter whose half compo- 
nents are for the 13-field gauge symmetry and the other half are for the diffeomorphism. Since Eq. dl.3l ) 
differs from the ordinary Lie derivative, the underlying differential geometry of DFT is not Riemannian. 
Namely, while doubling the spacetime dimension is sufficient to manifest the 0(D,D) structure, the 
double-gauge symmetry (1L3 1 calls for novel mathematical treatments, such as generalized geometry lfl~3l — 



20], Siegel's formalism [12 



13i|21|] and our own app roach Il22l - l27tl (see also [28] for a similar analysis, 



1 29-32] for M -theory extensions, and especially [33-36] for En approached). 



Through the series of papers |22j-[26|], we have developed a stringy differential geometry which man- 
ifests, in a covariant manner, all the symmetries of DFT listed in Table [TJ In particular, we conceived a 
semi-covariant derivative for the NS-NS sector in 11221 12311 . extended it to the fermionic sector [24], and 
managed to reformulate the M = 1 D = 10 supergravity as a minimal supersymmetric double field theory 
(SDFT) to the full order in fermions Il25ll . We have also applied our formalism to construct a double field 
Yang-Mills theory lEfll . 



0(D,D) T-duality: Meta-symmetry 
Gauge symmetries 

1. Double-gauge symmetry: Generalized Lie derivative 

- Diffeomorphism 

- Z?-field gauge symmetry 

2. A pair of local Lorentz symmetries, Spin(l,D— l)i x Spin(D— 1, 1)# 

Table 1 : T-duality and gauge symmetries in DFT. 



For recent developments related to DFT we refer to IB7M6 1 
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In this paper, within the geometric setup Il22l-l26ll. as a natural next step toward the construction of 
M = 2 D = 10 SDFT which should reformulate the type IIA and IIB supergravities in a unified manner, 
we incorporate Ramond-Ramond (R-R) sector into double field theory, manifesting the 0(D,D) 
structure. In an apparently covariant fashion, our formalism respects all the DFT symmetries listed in 
Table[T] including Spin(l, D—l)i x Spin(D— 1, 1)r the double local Lorentz symmetries. Further, our 
formalism does not require any specific parametrization of the DFT variables (Va p , Vjp, etc.) in terms of 

the metric g„ v and the Kalb-Ramond B-field, and is independent of the choice of the D -dimensional null 

d 



hyperplane for the section condition (11.21 . like -S-^ ~ or j^- ~ 



Preceding related works include the papers by Fukuma, Oota and Tanak a 16111. by Hassan [62-64], by 
Berkovits and How e 16511 . by Coimbra, Strickland-Constable and Waldram B191 12011 . and by Hohm, Kwak 
and Zwiebach [48, 49], where the R-R sector was treated as an 0(D,D) spinor H |6ll 16311 or as 
a D-dimensional bi-spinor 62-65]. It was pointed out by Hassan that the 0(D. D) transforma- 

tions of the R-R sector in the two approaches are equivalent being compatible with the supersymmetry of 
type IIA/IIB supergravities fiil] . However, while the bi-spinorial R-R field is ready to couple naturally to 
fermions for supersymmetry {e.g. the 'democratic' formalism 166J468D and a pure spinor approach 116911 ). 
the 0(D,D) spinorial R-R field appeals rather awkward to do so. 



In this work, we assert to put the R-R sector a priori in the bi-fundamental spinorial representation 
of Spin(l, D—1)l x Spin(L>— 1, rather than in the 0(D, D) spinorial representation. One crucial 
novel point in our work is that, compared to the precedents and contrary to the well-known proposition, 
the R-R potential and the NS-R/R-NS fermions are a priori all 0(D, D) singlet in our covariant DFT 
formalism, such that the 0(D,D) T-duality does not exchange type IIA and IIB supergravities! After 
gauge fixing the double local Lorentz symmetries to be their diagonal subgroup, the 0(D, D) transforma- 
tion rule gets modified in order to preserve the gauge choice. Namely, the 0(D, D) T-duality now rotates 
not only the 0(D, D) vector indices but also local Lorentz indices: more precisely, one of the double local 
Lorentz indices which we choose below to be Spin(L>— 1, l)/j rather than Spin(l, D— \)i without loss 
of generality. That is to say, the Spin(D— 1, 1)# indices are no longer 0(D,D) singlet after the gauge 
fixing. In particular, the R-R potential and the NS-R fermion can flip their chiralities, resulting in the 
exchange of type IIA and IIB supergravities. This essentially recovers the results by Hassan |62[464I1 (see 
also e.g. Jl6 ( 70-75)] for related recent progress). We also show that the diagonal gauge fixing may turn the 
R-R potential into an 0(D, D) spinor verifying the result by Hohm, Kwak and Zwiebach 11481. 14911 . 



A similar mechanism holds for Dirac fermions in ordinary quantum field theories on flat Minkowskian 
spacetime. We may gauge the internal Lorentz symmetry by introducing a spin connection which is made 
of a flat vielbein, and hence corresponds to a pure gauge. Then Dirac fermions are singlet for the global 
spacetime Lorentz symmetry. However, gauge fixing the vielbein to be trivial breaks the local Lorentz 
symmetry, and the fermions start to transform as a spacetime spinor under the global Lorentz symmetry. 
Another analogous example is the metamorphosis of the spacetime fermion into a worldsheet spinor after 
a gauge fixing of the kappa-symmetry in the Green-Schwarz superstring action. 
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The main contents as well as the organization of the present paper are as follows. 



We separate out the main body into two parts. Part I is genuinely 'double-field-theoretical' being 
independent of the parametrization of the DFT variables in terms of the metric, g^ u , and the Kalb-Ramond 
field, B^y. Part II deals with a specific parametrization and conveys the modified 0(D, D) transformation 
rule after the diagonal gauge fixing. 

1. Part I: parametrization independent formalism where R-R sector is 0(D, D) singlet. 

• Section |2] contains our covariant DFT formalism especially for R-R sector. As for a unifying 
description of all the R-R potentials, we consider a single bosonic object which is in a bi- 
fundamental spinorial representation of the double local Lorentz groups. In particular, we 
construct a pair of nilpotent differential operators which can act on the R-R potential and 
define the field strength within the DFT formalism. 

• In section [3j we spell out the bosonic part of the type II (or M = 2) supersymmetric double 
field theory Lagrangian which corresponds to the DFT reformulation of the type II democratic 
supergravity lool . We derive the equations of motion and discuss the self-duality of the R-R 
field strength. 

2. Part II: specific parametrization and gauge fixing where R-R sector is 0(D, D) non-singlet. 

• In section HI we parametrize the covariant DFT variables in terms of a pair of D-dimensional 
vielbeins and a Kalb-Ramond £?-field. We consider a diagonal gauge fixing of the double local 
Lorentz symmetries, Spin(l,D— l)i x Spin(D— 1, 1)#, by equating the two vielbeins. We 
show that, after the gauge fixing, the 0(D,D) transformation rule must be modified to call 
for a compensating local Lorentz rotation. We verify that the gauge fixing may turn the R-R 
potential into an 0(D, D) spinor, and further that T-duality can flip the chiralities of the R- 
R sector and the NS-R fermions. This manifestly realizes the exchange of type IIA and IIB 
supergravities. 

3. Section [5] contains our conclusion . 

4. In Appendix, w e review in a self-contained manner the stringy differential geometry of SDFT de- 
veloped in lE2l-l26ll. We set our conventions, spell out all the 0(D, D) covariant fundamental field 
variables constituting type II SDFT, summarize various fully covariant quantities with respect to all 
the symmetries in Table [T] and discuss the reduction to ordinary Riemannian geometry. 



4 



2 R-R sector and Cohomology, before gauge fixing 



2.1 R-R sector in SDFT 

The NS-NS sector of SDFT consists of DFT-dilaton, d, and double- vielbeins, V Ap , V A p H-Eilll 2 ! For the 
R-R sector, we consider R-R potential, C a a, which is - as the indices indicate - in the bi-fundamental 



spinorial representation of the double local Lorentz group, Spin(l,D— 1)l x Spin(D— 1,1)r (cf. jl9l . 



63j,|64J]), while being double-gauge and 0(D,D) singlet. More precisely, 'fundamental' with respect to 
Spin(l, D— and 'anti-fundamental' with respect to Spin(D— 1, 1)#, especially when the spinorial 
indices are suppressed. However, the indices can be freely lowered or raised by the symmetric charge 
conjugation matrices, C +a p, C +5 ,p (1A.2I) . and the distinction of being fundamental and anti-fundamental 
is unimportant. 

The R-R potential must satisfy a 'chirality' condition, 

7 (D+1) C -(D+1) =±c _ (21) 

Hereafter, the upper sign is for type IIA and the lower sign is for type IIB. 



As for the differential operators of the R-R sector, we present a pair of covariant derivatives which can 
be applied to any Spin(l, D— l)i x Spin(D— 1, 1)^ bi-fundamental field, T a g, 

V\T := ~i A D\T + ^ D+1 ^D° A T^ A , V°_T:= r ) A D° A T - ^ D+1 ^D A Tj A . (2-2) 

Here the superscript '0' indicates that the semi-covariant derivatives assume the torsionless connection (IA.31I ). 
We stress that, these differential operators are covariant with respect to all the symmetries of DFT listed in 
Table [TJ Further, as we show below in section 1X21 they are nilpotent, up to the section condition (11.21 ). 

(2^) 2 T~0, (2^) 2 T~0, (2-3) 

and hence, they define cohomology. 

It is worth while to note 

^( 7 (D+i) r) = _ 7 ( J D+i)po T) V° ± (T^ D+1 ^) = {V^T)^ D+1 ^ . (2-4) 



We define the R-R field strength using one of the nilpotent differential operators (I2.21 i. 

T := V\C = j A V A C + ^ D+1 1V A Cj A . (2.5) 



2 For the full field contents of type II SDFT, see Table[3]in Appendix. 
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This quantity is also Spin(l, D— 1)l x Spin(D— 1, 1)# bi-fundamental, and from (12.41 ) it carries the 
opposite chirality, 

- F = T7 (D+X)- F -(D+l)_ (26) 

Further, thanks to the nilpotency (I2.3K the R-R gauge symmetry is simply realized by the same differential 
operator, 

5C = V° + A =>- &F = V\{5C) = (V° + ) 2 A ~ , (2-7) 

where A Q q is an arbitrary gauge parameter which is in the Spin(l, D— l)ixSpin(D— 1, 1)# bi-fundamental 
representation and satisfies the same chirality condition as the field strength, 



The R-R sector Lagrangian, £ RR , in type II SDFT assumes a compact form: 

r — _ l P ~ 2d tt«« jr _ o q\ 

*"RR — 2 •'eta- \A-~J 

Under arbitrary variations of all the elementary bosonic DFT fields, V Ap , V Ap , d and C° a , the R-R sector 
Lagrangian transforms, up to total derivatives ( = ), from (IA.51I ). (1A.53K (IA.54I ). (1A.55I ). as 

e" 2d (5C - C8d + \V A p 5V Aq Y q C + \V A p 5V Aq ^ D+1 h q C^ - \V A p 5V M Cf^ (P°_^) qS 
- \e~ 2d V A q 5V Ap {lH D+1) ^f) aa ^ ■ 

(2.10) 

It is remarkable that both the chiral part of 5V Ap and the anti-chiral part of 5V Ap , as well as the variation 
of the DFT-dilaton, commonly lead to nothing but the equation of motion for the R-R potential H 

V°_F = V'lV\C = 0. (2.11) 

Nevertheless, as we continue to discuss below in section [3] an additional self-duality relation (T3.7t needs 
to be imposed on the R-R field strength. 



3 Similar phenomena occur in M = 1 SDFT with fermions, see Eq.(33) of Ref.[25]. The observation for the variation of the 
DFT-dilaton was also made by David Geissbuhler | 76]. 
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2.2 Cohomology 

In this subsection, we show the nilpotency (12.31 ) of the differential operators, T>\, which are defined to act 
on an arbitrary Spin(l, D—l)i x Spin(D— 1, 1)^ bi-fundamental spinorial field. 

To sketch our proof, we set with (IA.37I ) some notations, 

n = I<n w 7 P9 = \{V B P d A V Bq + T\ pq)l ™ , 

n = w\ Pq i m = \{v B P d A v B , + t\, m )^ , ^ 

Fab = dA$° B - d B *\ + [*° A , $ B ] = \F ABpql ™ , 
Fab = 9a^ b - d B & A + [& A , $%] = \F% m ^ . 



Also, if no confusion arises, we may convert an O(Z), D) vector index either to a Spin(l, D— l)i or to a 

l p or V A p ] 



Spin(D— 1, vector index via contraction with the double-vielbein, V A P or V A p respectively, such as 



(TA631 . (IA7721 . 

Without loss of generality, for simplicity we consider an arbitrary bi-fundamental spinor, T a a, which 
has zero weight. We begin with the expression, 

(V° ± ) 2 T = V oA V\T+ \i AB [V A ,V° B ] T - | [V%V B ] Tj AB =F ^ D+1 ^ A [V A ,V° B ] T^ B , (2.13) 

into which we need to substitute 



V%V B ] T = -T° C AB V° C T + F° AB T - TF AB 



-T oC AB d c T + (F° AB - T oC AB ^)T - T(F° AB - T oC AB <l>l 



(2.14) 



CI > 



and 



V oA V° A T ~ {d A <$>° A - <S> oA $ A + T A AB $ B )T - T{d A <$>° A + $ oA $° A + T° A AB $ B ) 
+ 2<S> oA T$° A + 2<5> oA V° A T - 2V A T$ oA . 

The first three terms on the right hand side of the equality in (12.131 ) then give 

V oA V A T + \~i AB [V% V B \T-\ [V° A , V° B ] Ti AB 

1 T 



(2.15) 



Q A ^A + qo^oA + 1 7 AB F | b + (T oB BA - ±T Apg7 ™) $ oA 

- T [d A $ oA - $ A $ oA - \F AB ^ AB + $° A (T° B BA + \T oA p ^)} 

- 2$° A T$ A - \ [Fi q - r oC p ^° c ) - \Y q T [F° q - r° c pq & c ) 



(2.16) 
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Due to the following identities which can be shown by brute force computation, 

d A & A + <S>\^ A + h ABF °AB + (^° B BA ~ JlV^) *° A ~ -\ S ABC D P AC P BD , 

d A <h aA - $° A $ oA - \F% B *f AB + $° A (T° B BA + ^T oA P ff m ) ^ +\s° ABCD P AC P BD , 
the first two lines of the right hand side of (12.161 ) get simplified, and in fact from dA.731 ), they vanish, 



(2.18) 



Q A ^A + ^oA + ^ABp^ B + (yoB ba _ ±T Apql P g ) $° A ] T 

- T [d A <S> oA - <S> A $ oA - lF° AB 7 AB + ®°a ( t °b BA + \^ A pfl m )] 

~ _ 1 (pACpBD + pAC P BD )S » abcdT 

~ 0. 

Further, from (IA.49K we have 

pO I pO 9 riO I pOC -pO ^ pOC pO /"} iq\ 

r pqpq ' pqpq ~ z " J pqpq ' 1 P9 1 Cpg — 1 pq 1 Cpg ■ V^- 1 ",* 

Consequently, with ( 12. 19b . the remaining terms of the right hand side of ( 12.161 ) vanish too, 

* TE { F kpq + F pqpq + ~ ^pq^Apq ~ *° V***) l™Tl™ 

~ T6 ( F kpq + F pqpq ~ ^Pq^Apq) T«7^« (2-20) 

— 8 pqpq i ' ' 
~ 0. 

Thus, (12.161 ) vanishes completely. 

Finally, in order to see the last term in (I2.131 ) vanish, we need identities coming from (1A.38I ). (IA.40I ). 

po _ poC _po^ _ 9 co po _ poC po_ _ 9 co (2 2]) 

1 pqrs 1 pq L Crs — ^"->pqrs J 1 pqfs L pq L Crs — ^^pqfs 1 \ ■ J 

from (TA"36i 

1 pq^Crs — 1 P-? 1 Crs , 1 PQ^Cfs — 1 P9 1 Crs , V ' 

and from the Bianchi identity (1A.49I ). 

SUrsl p l rs = ZP AB S Aq - Bs l s , Sl m f~^ = 2P AB S\ pBs ^ . (2-23) 



Thanks to these identities, the last term in (I2.13t gets simplified, and eventually, with the second identity 
in dA.491 ), it vanishes, 



7 A [v% v%] r 7 B * h p [i F Mr S - r oA P ,r°Ars) i rs r - T-f [Ffr, - r Vv)] f 



~ 0. 



(2.24) 



This completes our proof of the nilpotency. 
In a similar fashion, the following operators, 

V\T := >y A D A T^ D+1) + D° A Tj A , V°_T := j A D° A T^ D+1) - D° A T*f A , (2-25) 

can be also shown to be nilpotent, 

C^) 2 ~0, (^) 2 ~0. (2.26) 

However, in this work, our main interest lies in the R-R potential, C a a, which is a bi-fundamental spinor 
satisfying the chirality condition, C = ±j( D+1 ~>C^ D+1 ^ (I2.ll ). We have then 

V\C = {TXpC) t( d+1 ) , VtC = (V° ± C) 7( D+1 ) . (2-27) 

Therefore, the differential operators become degenerate. For this reason, in this paper we focus on the 
operators, V°± (HP ). 



3 Type II Democratic Double Field Theory 

Combining the NS-NS sector DFT Lagrangian (1X7751) HQ and the R-R sector DFT Lagrangian d279l , 
we are able to spell out the bosonic part of type II or M = 2 SDFT Lagrangian, 

^Typell = -£-NSNS + ^RR = e [g (P^B pCD — pAB P ( ^ D )S A q B j- ) — T^Tr (J 7 , (3.1) 

where T a a denotes the charge conjugation, 

jr ■- C7 l F T C + , (3.2) 
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and the trace is over the Spin(l, D—l)i spinorial index, such that Tr(FF) = F aa F a a- 

Under arbitrary variations of all the bosonic fields, from (12.101) . (1A.44I) . (1A.54I ). the Lagrangian trans- 
forms, up to total derivatives ( = ), as 



5C 



Type II 

- -\e~ 2d 5d (P^pCD _ pABpCD^ S acbd 

+ \e- 2d V A «5V A P [S M - Tr(j p j( D +^F^F)] 

+ e- 2d Tr[(SC - C5d + \V A p 5V M Y q C + \V A p 5V Aq i {D+l h q Cl p - \V A P 5V M C^) WJ 

(3-3) 

where like d3.2| i, V°_F = C^ 1 (V°_F) T C + . The equations of motion are then as follows. 

• For the DFT-dilaton, d, 

^pABpCD _ pABpCD^ = q _ (3 4) 

Namely the NS-NS Lagrangian vanishes on-shell, £ NSN s = 0. 

• For the double- vielbein, V A P , V a p, we have the DFT generalization of the Einstein equation, 

S° pq - Tr( 7p7 ( D+1 )^7^) = . (3.5) 

• For the R-R potential, C a a, the equation of motion is, as anticipated in (12.111) . 

V°_F = V°_V°,C = . (3.6) 



However, the above type II democratic DFT Lagrangian (B.lt is supposed to be pseudo B6611 : an 
additional self-duality relation needs to be imposed on the R-R field strength by hand, 

jr = 7 (o+l)jr = T j?j(D+i) . Self-Duality. (3.7) 

In Eq. (13.7l) . the second equality holds due to the first one and the chirality (12.6I ). From (IA.69I ). it is clear 
that the self-duality (13.71) ensures the equation of motion (13.61) to hold, 



V°_ F = V°_ ( 7 ( D+1 ) f) = -^ D+l ^V\F = - 7 ( D+1 ) {V° + ) 2 C ~ . (3.8) 



Further, since C+ 7 ( D+1 ) is anti-symmetric, the self-duality implies that the R-R sector Lagrangian van- 
ishes too, 

£ RR = -\e~ 2d Tr{FF) = -± e - M Tr( 7 ( D+1 ) FF) = . (3.9) 
Therefore, with (13.4b . the whole Lagrangian (I3.lt vanishes on-shell, £ T y P cii = 0, up to the self-duality. 
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4 Parametrization and Gauge Fixing 



In this section, taking specific parametrization of the double-vielbein and an 0(D,D) element, we con- 
sider a diagonal gauge fixing of the double local Lorentz. symmetries. We discuss the consequent modifi- 
cation of the 0(D, D) transformation rule and the flipping of the chirality of the theory. We further show 
that the gauge fixing may map the R-R potential to an 0(D, D) spinor. We refer readers to Appendix IA.4I 
both for the exp licit parametrization of the double-vielbein we are taking and for a self-contained review 
of RefsJ23l 12411 on the reduction to Riemannian geometry in D dimension. 



4.1 Parametrization of the 0(D,D) rotation 
We parametrize a generic 0(D, D) group element, 



M A 



B 



( sJ* u 



The definition of the 0(D, D) group, 



M a b M c d Jbd = J ac , Jab 



1 

1 



implies then 

ab* + ba* = , cd* + dc* = , ad* + be* = 1 

From the vectorial 0(D, D) transformation rule of the double-vielbein, 



V Ap — ► M A B V Bp , V Ap — ► M A B V B 



v ■ 



the parametrization of the double-vielbein (IA.76I ) gives 

e- 1 —> e- 1 [a* + (g - B)b*] , e" 1 — > e" 1 [a* - (g + B)h 

such that 



where we set 

L = e~ l [a t + {g-B)b t ] [a* - (g + 5)b'] _1 e , L = (e^e)^ 1 ^- 1 ^ 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



(4.5) 



(4.6) 



(4.7) 
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From the considerations that (e _1 e) p ^ and (e~ 1 e)p p themselves are local Lorentz transformations and that 
this property must be preserved under 0(D, D) T-duality rotation, or alternatively from direct verification 
using (14.31) . a crucial property of L and L follows: they correspond to local Lorentz transformations, 



Lg Tj rs Tjpq , Lp Lg Tj rs Vpq • 



(4.8) 



Even-dimensional irreducible gamma matrices are unique up to similarity transformations, essentially 
due to Schur's lemma. This implies, for (14.81 ). (IA.1I ). (IA.79K that there must be similarity transformations, 
S e satisfying 



7 ? (e" X e)/ = S-\^ D+ ^Y)S e , 7 ( ' D+1) 7 p (e" 1 e)/ = S^fS' 1 , 

and Sl, Si satisfying 

7«V = S^jPSl , 7 9 V = S^fSi . 



From (14.101 ), dA.41 ), we obtain 

7^+%z = det(L) S L jP+*> , 
where from (14.71 ), 

det(L) = det(L) - 



7 



=det(L)5 



Z7 



(o+i) 



det [a + b(p + 5)] 



(4.9) 



(4.10) 



(4.11) 



(4.12) 



det [a - h(g - B)] ' 

of which the value must be either +1 or —1, since L and L are local Lorentz transformations. Thus, if 
det(Z) = +1, Si commutes with j( D+1 \ Otherwise i.e. det(Z) = —1, they anti-commute 12411 . 



In fact, using (14- lib , one can show that Sl and Si are related by 



S L =< 



Q— 1 Q—l Q 

D e D L D e 



for det(L) = +1 



s -l 7 (D+i) s -l Se for det ( L ) = _ x _ 



(4.13) 



For later use, we also parametrize an element of so(D, D) Lie algebra: we set a 2D x 2D skew- 
symmetric matrix, 



hAB = -hsA 



a 



(4.14) 
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where a^ v and 7 M „ are arbitrary D x D skew-symmetric matrices, while f3^ u is a generic D x D matrix. 
From M A B « + /*a B for (|47TT >. we obtain 

V^V + rp*, r = -2e- 1 5 ae, 

(4.15) 

L p * a 6 P 9 + f p * , f = +2e~ 1 gae, 

and hence, from (14.101 ), 



4.2 Diagonal gauge fixing and modified 0(D,D) transformation rule 

Henceforth, we consider a gauge fixing of the local Lorentz symmetries by setting 



e/ = e/. (4.17) 



This gauge fixing breaks the double local Lorentz symmetry groups, Spin(l, D—1)l x Spin(D— 1, 1)#, 
to its diagonal subgroup, Spin(l, D— l)z>, which acts on the unbarred Spin(l, D— l)i and the barred 
Spin(L>— 1, 1)r indices simultaneously, reducing SDFT to ordinary supergravity 125J]. 

Moreover, from (I4.5l l. the above diagonal gauge is incompatible with the vectorial 0(D, D) transfor- 



mation rule of the double- vielbein (14.41 ) II23L I24H. In order to preserve the diagonal gauge, it is necessary 
to modify the 0(D, D) transformation rule: the 0(D, D) rotation must accompany a compensating local 
Lorentz transformation. In Table |2] we present our modified 0(D,D) T-duality transformation rule. It 
contains a compensating Pin(D— 1, 1)# local Lorentz rotation given by (14.71) and Sj^^ (14.101 ). which 
depend on both the 0(D, D) element, M (|4~TT ). and the NS-NS backgrounds, g^, B^, 

L = e- 1 [a* -{g + B)b*] [a* + (g - B)h f ] _1 e , flf = S^j p S L . (4-18) 

The modified 0(D, D) T-duality transformation rule implies, in particular, 

jr _^ ^5-1. (4.19) 
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d 
V A p 
V A p 

C 

P 
p' 

i>v 



d 

M A B V B p 
M A B V B *Lf 

CS L 
P 
SlP' 



(4.20) 



Table 2: Modified O(Z), D) T-duality transformation rule, after the diagonal gauge fixing (14- 17b - It con- 
tains an induced Pin(D— 1, \)r local Lorentz rotation (14.181 ) (cf. [62-64] and also 173147511 ). 



Clearly, from (14.1 IK if and only if det(L) = —1, the modified 0(D, D) rotation flips the chirality of 
the R-R potential (12.11 ) as well as those of the primed fermions, p', -ip' p (1A.10K since 

7 (D+l) (C5 _l^(D+l) = ±det (Z)(CS I 1 ) , 

^(S L ^ p ) = ±det(L)(S L ^ p ), (4-21) 
^(S L p') = Tdet(Z)(S LP '). 

Thus, the mechanism above naturally realizes the exchange of type IIA and IIB supergravities under 
0(D, D) T-duality within DFT setup, as anticipated in [24]0 For example, on a flat background (g = r/, 
B = 0), we may set both a and bg to be diagonal with the eigenvalues, either zero or one, in an exclu- 
sive manner such that a + hg = 1. This choice corresponds to the usual discrete T-duality along toroidal 
directions. In this case, we get det(Z) = (— l)" a where (j a counts the number of zero eigenvalues in the 
matrix, a, and hence the number of toroidal directions on which T-duality is performed. Thus, our formula 
is consistent with the well-known knowledge that performing odd number of T-duality on flat backgrounds 

4 While our analysis of the chirality change is technically based on our earlier work on DFT fermions Il24ll . novel contributions 
of the present paper include its generalization to R-R sector and the realization that the diagonal gauge fixing inevitably calls for 
the modification of the 0(D, D) transformation rule. 



7 (D+l) c f D+l) = ±C 
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exchanges type IIA and IIB superstrings. 



It is also worth while to note that, since the compensating local Lorentz rotation (I4.18t explicitly de- 
pends on the parametrization of the double- vielbein in terms of g^ v and B^ v , it appears impossible to 
impose the modified 0(D,D) transformation rule, Table |2] from the beginning in the parametrization- 
independent covariant formalism. 

For later use, we write down the modified infinitesimal so(D, D) transformation rule, 

S h d = 0, 5 h C = \f m C^, 

kV A p = h A B V B P , 5 h V a p = h A B V B p + VaW , 

4p = 0, 8 hP ' = -\f m ^p' , 



and 



ShB^ = 7^ - 2^PB u ] p - gp P a pcj g au - B w aP a B 
k<t> = W/-B w 



a 



(4.22) 



(4.23) 



where we put, 5h = &h — y A hA B ds for our short hand notation: is the actual transformation and the 
derivative, y A hA B dB, is for the transformation of the coordinates, 5hy A = y B h,B A - 



4.3 Mapping the R-R potential to an 0(D, D) spinor 

In this subsection, we show that after the diagonal gauge fixing (14. 17b . the modified 0(D, D) transfor- 
mation rule of the R-R potential in Table [2] actually implies that the Spin(l,D— 1)^ x Spin(D— 1, 1)# 
bi-fundamental R-R potential can be mapped to an 0(D, D) spinor. 

With the gauge fixing, e/ = e/ (14.171 ). from (|4~7T >. (14.151 ). we have 

L^L- 1 , t/ee-t/. (4-24) 
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Further, we may set 



V Pq = -fjpg, f^ 7 (^+V, C +a p = C +& p, (4-25) 

such that, from (IA.4K (IA.86I ), 

^(D+l) = _ 7 (0+i) i r^E-f^, V = V> ^ 7 ^ = c^ m7 m . ( 4 -26) 



As the diagonal gauge fixing tends to eliminate the distinction of the two local Lorentz groups, we 
may expand the R-R potential by one sort of gamma matrices, as in the democratic formulation of the R-R 
sector Il66l-l68ll. 

C = (|)^ E' P ^Ca ia2 -a p l a ^- ap ■ (4-27) 

where ^ denotes the odd p sum for type IIA and even p sum for type IIB. 
Consequently the field strength reads 

T = V\C= (\)% E ; i _^j- aia2 ... ap+i7 ^ 2 - P+1 , (4.28) 
where, up to the section choice (1A.83I ). with = y M + from (IA.84K 

J~ ai a,2---a p — P {D[ ai C a2 ... ap ^ — d[ ai 4>C a2 ... ap ]j + 3i(jf_l3)! H^ aia2a3 C a4 ... ap ^ . (4.29) 

Similarly we also obtain 

- E; ^i)T {D b C bai ... ap ^ - S 6 0C 6ai ... a ,_ 1 - ^"^...^J 7 «i-p-i . (4.30) 

That is to say, the pair of nilpotent differential operators, V° + and V°_, reduce to an exterior derivative and 
its dual derivative respectively, 

V% d+(F-d^)A 

(4-31) 

V°_ *[d+(F-d^>) A ]* . 



The R-R sector Lagrangian (12.91 ) assumes the standard form now, 

£ RR = -ie" M Tr(^) ee -ie" M E; ^DT^a,...^^" 102 '"^ 1 • (4.32) 
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And the infinitesimal so(D, D) transformation of the R-R potential (14.221 ). 

5 h C = \f- al Cf l = - lr ab C 7 ab , (4.33) 
gives the transformation of each p-form potential, 

&hCai---a p = 4 L ' r [aia2^a3---ap] ~l~ ~2PT\a\ C\b\a,2---a p } ~\~ 4^ Cbcai—Op ■ (4-34) 



We continue to consider a formal sum of the p-forms, 

C •= V' — C dr Ml A • • • A dr^p C — e ai ■ ■ ■ e a pC (4.35) 
and perform a field redefinition of the formal sum, 

^ : = e -*e B AC. (4.36) 

From its expansion, 

A = Ei pT -V-/*^ 1 A • • • A dz"» , (4.37) 
we finally define an O(Z), D) spinor, 



1-4) == E; -W-Mp [jf*) [j-V*) ■ ■ ■ (-^ ) |0) . (4.38) 

Here ^I^'s are the normalized creation gamma matrices |H, H2I EH]]. Together with the normalized 
annihilation gamma matrices, ^gl^, they form 0(D, D) Clifford algebra, 

r A = (r„, r") , r A r B + r B r A = 2j AB . (4.39) 

The annihilation gamma matrices annihilate the vacuum, T^O) = 0. It is worth while to note that, 
unlike the L>-dimensional gamma matrices satisfying 7^ = 7 p (e _1 ) p /i , the 0(D,D) gamma matrices, 
r A = (Tf, , T u ) , are all constant. 

From (14.231 ). (14.341 . the infinitesimal so(D, D) transformation of the p-form, A^...^, follows 
SA - --Bx X A I PiP- 1 ) -,, a !+ n /5r "Ai 1 1 - ±a uX A s (4.40) 

It is straightforward to check that, this result is equivalent to the so(D, D) transformation of the 0(D, D) 
spinor (14.38b . 

6 h \A) = \h AB T AB \A), (4.41) 

establishing the desired result, 

hC = \f- al Ct l k\A) = \h AB T AB \A) . (4-42) 

This completes our proof. 
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5 Conclusion 



In this work, we have incorporated the R-R sector into double field theory in a manifestly covariant man- 
ner, with respect to 0(D, D) T-duality, double-gauge symmetry and the pair of local Lorentz symmetries, 
Spin(l, D—l)i x Spin(D— 1, 1)#. We put the R-R sector in the bi-fundamental spinorial representation 
of the double Lorentz groups, and constructed a pair of nilpotent differential operators, (12.21 : one for the 
field strength (12.51 ) and other for the equation of motion (12 .lib - 

We have spelled out the bosonic part of the type II supersymmetric double field theory Lagrangian 
(13 .lb - We presented the equations of motion (13.41 ), ( 13.51 ), (13.61 ), and analyzed the self-duality of the field 
strength (13.71 ) . 

A priori, in the parametrization independent covariant formalism (section [2] and Appendix©, the R-R 
sector and all the fermions are 0(D,D) singlet. Yet, after gauge fixing the two vielbeins equal to each 
other breaks the double local Lorentz groups to the diagonal subgroup, 



Further, it modifies the 0(D, D) transformation rule to call for a compensating Pin(D— 1, 1)r rotation, 
(14. 18b . which flips the chirality of the theory, if and only if det(L) = — 1 (14. 1 2b . resulting in the exchange 
of type IIA and IIB supergravities. The modified so(D, D) transformation rule of the R-R potential can be 
mapped to an so(D, D) rotation of a corresponding 0(D, D) spinor (14.38I ). (14.42b . 

We emphasize that, the equivalence (14.421) between the double Lorentz bi-fundamental treatment of the 
R-R sector, C a a, and the 0(D, D) spinorial treatment of it, \ A), holds only after taking the diagonal gauge 
fixing (14.171) . The parametrization independent covariant formalism (section |2] and Appendix |A]) appears 
to prefer the former approach. As mentioned ahead, while the former may couple to fermions naturally, the 
latter appears rather awkward to do so. The N = 2 supersymmetrization of the Lagrangian (13.11 ) remains 
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Spin(l,D-l) L x Spin(£>-l,l)fl -> Spin(l, D-l) D . 



(5.1) 
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A Review: Stringy Differential Geometry for covariant SDFT 



A.l Fundamental field variables and conventions 

In Table [3l we spell out all the fundamental field variables which constitute type II (or M = 2 ) SDFT. In 
Table HI we summarize our conventions for indices and metrics which are being used for each representa- 
tion of the symmetries in Table [T] 



Bosons 

- NS-NS sector { 

- R-R potential: 
Fermions 

- DFT-dilatinos: 

- Gravitinos: 



DFT-dilaton: 
Double- vielbeins : 



d 

na _ 



1$, 



v At 



Table 3: Fundamental field variables in type II SDFT 



Index 


Representation 


Metric 


A,B,--- 


0(D, D) & double-gauge vector 


Jab in Eq.CEj} 


P,Q,--- 


Spin(l, D— l)x vector 


f] pq = diag(- + H h) 




Spin(l, D— 1)l spinor 


C +a/ 3 in Eq.(|A.2|) 


P,Q,-" 


Spin(D— 1, l)n vector 


fjpq = diag(H ) 




Spin(D— 1, l)ij spinor 


C^^in Ea.(lA.2l) 



Table 4: Indices used for each symmetry representation and the relevant metrics that raise or lower the 
positions of them. A priori, 0(D, D) rotates only the double- gauge v ector indices (capital Roman). All 
the metrics have been chosen to be symmetric in this paper, cf. 11241 12511 . 



Throughout the paper we focus on even D-dimensional Minkowskian spacetime which admits Majorana- 
Weyl spinors, and hence D = 2 mod 8, or simply D = 10 for the critical supers tring theory. 



19 



For the two Minkowskian metrics, rj pq and 77™, we introduce separately the corresponding real gamma 
matrices: ( r y p ) a /3 and {^) a s satisfying 



7 p = ( 7 p)* , 7 p 7 9 + 7 <? 7 p = 2rfi , 

7 p = ( 7 p)* , 7 P 7 5 + 7 5 7 p = 2^ . 

Their charge conjugation matrices, C± a/ 3 and C± & p, meet 

(C + 7 P1P2 - Pn )a^ = (-l) n{n - 1)/2 (C+Y lP2 - p ")pa 

and define the charge-conjugated spinorsj^] 

i'pa = i>v C + /3a , Pa = P^C+fia , 



iot ■ 



7 P 7 (^+i) + 7 (^+i) 7 p = , ( 7 ( B +i)) 2 = 1 , 
7 P 7 (£> +1) + 7 (f +i) 7 p = , ( 7 (^+i)) 2 = l . 



(A.l) 



(A.2) 



(A.3) 



%oc = Ip'p C+Pa > P'a = P^C+Bc 

We also set, in order to specify the chirality of the Weyl spinors, 

7 (D+1) ._ 7 012-D-1 ^ j(D+l) ._ 7 012-D-1 ? (A.4) 

which satisfy 



(A.5) 



5 In this work, we have changed our convention in the definition of the charge-conjugation from the previous works 0241 E5I1 . 
such that we employ not the anti-symmetric charge conjugation matrices, C- a p = —C-0 a and C-^p = —C-p a but the 



symmetric charge conjugation matrices, C+ a p = C+ p a and C+^g = C+ l |A.3t , in order to reduce the number of minus signs 
appearing in the actual computations. They are related by 

C- = C +7 (D+1) , C- = C + 7 (D+1) • 

The anti-symmetric charge conjugation matrices satisfy 

(C-7 P1P2 - p ") Q/3 = -(-l) n(n+1)/2 (C-7 P1P2 '- p ")^ , 
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Specifically, the type II SDFT field variables in Table [3] satisfy the following properties. 

• The DFT-dilaton gives rise to a scalar density with weight one, 

e" M . (A.6) 

• The double- vielbeins satisfy the defining properties Il23ll : 

VApV^q = Vpq > VApV A q = Vpq > 



(A.7) 

V Ap V A g = , V Ap V B p + V Ap V b p = J AB 



• The R-R potential, C a a, is in the bi-fundamental spinorial representation of the local Lorentz group, 
Spin(l, D— l)i x Spin(D— 1, 1)#, and satisfies a 'chirality' condition, 

=±C (A8) 

The upper sign is for type IIA and the lower sign is for type IIB . 

• The unprimed fermions (R-NS), tpp, p a , are set to be Majorana-Weyl spinors of the fixed chiralities, 

7 (J>+% = +^, 7 (D + i) p= _ /0; (A.9) 

while the primed fermions (NS-R), p' a , are Majorana-Weyl spinors of a definite yet unfixed 
chirality, 

7^+!)^ = ±ij/ p , 7^ +1 ) (/ = TP' ■ (A- 10) 

Again, the upper sign is for type IIA and the lower sign is for type IIB. This somewhat uncon- 
ventional IIA/IIB identification, compared with dA.91 ), is due to the opposite signatures of the D- 
dimensional metrics, rj and fj, we have chosen in Table |4] 

The double- vielbeins then generate a pair of rank-two projections [22], 

Pab ■= V A W Bp , Pa B Pb C = Pa C , 

(A. 11) 

Pab := V A PV Bp , P A B P B C = P A C , 



and further a pair of rank-six projections 023J, 

Vcab def := Pc d P [A [e Pb] F] + t^PcIaPb^P^ , Vcab def Vdef ghi = V C ab ghi 

V C AB DEF ■= PC D P [A [E P B] F] + nhPciAPB] [E P F]D , PCAB DEF PDEF GHI = VCAB GHI 



(A. 12) 



21 



The rank-two projections are symmetric, orthogonal and complementary to each other, 



Pab = Pba , Pab = Pba , Pa b Pb c = , P A B + P A B = S A B , 

satisfying 

Pa B V Bp = V Ap , P A B V B p = V Ap , P A B V Bp = 0, P A B V BP = 0. 
The rank-six projections are symmetric and traceless, 

VCABDEF = PDEFCAB = Pc[AB]D[EF] , PcABDEF = VdEFCAB = Pc[AB]D[EF] , 

V a abdef = 0, P ab Vabcdef = 0, P a abdef = 0, P ab Pabcdef = . 



For simplicity, we let 



such that 



ipA ■= Va P ^p , 

1 A ■=V A P 7 P , 

V A p ip A = ip p , 

V A P 1> A = 0, 
{ 1 A , 1 B }=2P AB , 



4>' A ■■= w;, 

1 A -=V A pjP, 

V A p iP' A = % , 
V A P i>' A = 0, 
{^ A ,7 B } = 2P AB 



A.2 Semi-covariant derivatives 

For each of the DFT gauge symmetry in Tabled] we assign a corresponding connection, 

• T A for the double-gauge symmetry, 

• $> A for the 'unbarred' local Lorentz symmetry, Spin(l, D—l)i, 

• $a for the 'barred' local Lorentz symmetry, Spin(D— 1, 



Combining all of them, we employ the master semi-covariant derivative B2411 . 

v A = d A + T A + § A + § A . 
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It is also useful to set 

X7 A = d A + T A , D A = d A + <Z> A + $ A , (A.19) 



of which the former is the semi-covariant derivative for the double-gauge symmetry [22, 23], 



VcT AlA2 ... An := d c T AlA2 ... An - uj t T b BC T AlA2 ... An + ^ T CAl B T Al ... Ai _ lBAl+1 - An ■ (A.20) 



i=i 



And the latter is the covariant derivative for the pair of local Lorentz symmetries, yet being semi-covariant 



under the double-gauge symmetry [24]. 

Firstly, the master semi-covariant derivative is compatible with all the constant metrics, 

T^aJbc = V ' a Jbc = ^ab d Jdc + Tac d Jbd = , 
VAVpq = D A T] pq = $ Ap r r] rq + ^ Aq r rj pr = , 

DAVpq = D A fj Pq - = $ A p r fjfq + $ A q 'fjpf = , (A.21) 
T^AC+aP = D A C +a /3 = $ Aa 5 C + Sf3 + & A [3 S C +a s = , 

V A C +0 = D A C +a - p = $ Aa d C + - 5 p + §JC +a - & = , 
and also with all the gamma matrices, 

p A ( 7 T/3 = DaWYp = §A p q {i q Yp + ®A a s{i p Y P - {l P Ys$A & p = o , 

v a {^y p = D A m*p = $A(7 9 ")^ + $A a - 5 m~ s p - (.j p rs$A s p = o . 

It follows then that the connections are all anti-symmetric, 

Tabc = -Facb , (A.23) 

$Apq = -<5>Aqp , $Apq = ~^Aqp , (A.24) 

^Aa/3 = -§Ap a , $>AaP = -®Ap« , ( A - 2 5) 

and as usual, 

$A a ? = \^Apq{i m Tp , *A & = \§Apq(i m Y B ■ (A-26) 
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Secondly, the master semi-covariant derivative annihilates all the NS-NS fields, 

V A d = V A d := -±e M V A (e- M ) = d A d + \T B BA = , 
T> A V B p = OaVbp + r AB c v C p + $A P q V Bq = , 
V A V B p = d A V Bp + r AB c v cp + $Ap«V B q = . 

It follows that 

V A P BC = V A P BC = o , v A P BC = v A P BC = o , 

and the connections are related to each other by 

r ABC = V B PD A V Cp + V B PD A V Cp , 

<5>Apq = V B p V A V Bq , 
®Apq = V B pV A V B g . 



The connections assume the following most general forms |25|], 



?CAB = T° CAB + Acp g V A PV B 1 + AcpqVA p V B * ■ 

$Apq = ®° Apq + A Apg , 
®Ap q = ® A p q + &A Pq - 



Here, from [23]@ 



T°cab = 2 {PdcPP) [AB] + 2 {P [A D P B f - P [A D Pb] E ) d D P EC 
~rh {Pc[aPb] D + Pc[aP B ] D ) {d D d + (Pd E PP) [ED] ) 
and, in terms of this, with the corresponding derivative, = d A + T° A , 

n Pq = v B P v A v Bq = v B v d A v Bq + r ABC v B p v c q , 
>°, 

Apq 



<S>Ap q = V B pS7 A V m = V B pd A V B q + T ABC V B p V c q 



6 For a recent rederivation of the connection (IA.311 and related discussion, see [2£ 
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Further, the extra pieces, Aa pq and A^pq, correspond to the 'torsion' of SDFT, which must be covariant 
and satisfy [25] 

AApq = — Aj^qp , Aj^pq = — A^qp , 

(A. 33) 

A Apq V A P = 0, A Apq -V A P = 0. 

Otherwise they are arbitrary. That is to say, with (IA.31) , (IA.32I ), (IA.33I ), the connections in (IA.30I ) provide 
the most general solution to the constraints, (IA.2 11 >. (IA.22I ) and (IA.27I) . Note that, the latter two 'traceless' 
conditions in (IA.33I ) are necessary in order to maintain VacL = 0. As is the case in ordinary supergravi- 
ties, the torsion can be constructed from the bi-spinorial objects. We refer to our earlier work I125H for the 
torsions in the case of M = 1 D = 10 SDFT. 



The torsionless connection, T ABC (1A.31I ). further obeys II231 12411 . 

r O ABC + TBCA + T O CAB = 0, (A-34) 

and 

PC*B DBF T° DE F = > P C AB DEF r° DEF = . (A.35) 

In fact, the torsionless connection, T° ABC (1A.31I ). is the unique connection which satisfies these extra prop- 
erties: enforcing (IA.341 i and (IA.351 > on the generic connection, Tabc (IA.30b . would eliminate the torsion, 
and hence reduce Tabc to T° ABC . 

The two symmetric properties of the torsionless connection, (1A.23I ) and (IA.34I ). enable us to replace 
the ordinary derivatives in the definition of the generalized Lie derivative (11.31 ) by the torsion free semi- 
covariant derivative, = 8a + T\ BHl. In a way, the torsionless connection, T° ABC (1A.31I ). is the 
DFT analogy of the Christoffel connection in Riemannian geometry. 



It is also worth while to note, upon the section condition (1 1 - 2b . 

Pj A Pj B T C ABdc ^ 0. (A.36) 



The usual field strengths of the three connections, 

Rcdab = 9aTbcd — QbTacd + T ac e Tbed — Tbc e Taed , 

F A Bpq = d A <S>Bpq ~ d B ^Apq + <&Apr§B r q ~ ^Bpr^A^ , ( A " 37 ) 
F A Bpq = d A $Bpq ~ d B $Apq + $ Apr® ' B* \ ~ $ Bpf® A* ' q , 
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are, from [T>a,T>b]Vc p = and [T>a,T>b]Vcp = 0, related to each other through 

RABCD = F C Dp g VA P V B q + F C DpqVA P VB 9 ■ (A.38) 

It follows then that 

Rabcd = R[ab][cd] , Pa I Pb j Rijcd = . (A-39) 



However, none of the field strengths in (1A.371 is double-gauge covariant B23h . 



In order to construct DFT covariant curvature tensors, it is necessary to first define B23H . 

Sabcd '■= | {Rabcd + Rcdab - T E ab^ecd) ■ (A.40) 

This rank-four field satisfies, precisely the same symmetric properties as the Riemann curvature, 

Sabcd = \ \S\ab\\cd\ + S[cd][ab]) > (A.41) 
as well as an additional identity lE^tl . 

Pi A Pj B Pk C Pl D Sabcd ^ . (A.42) 
The latter holds up to the section condition (11.21 ) and further implies 



P AC P BD Sabcd = -\P AC P BD T E abTecd * . (A.43) 

Another crucial property of Sabcd is that, under arbitrary variation of the connection, 5Tabc> it trans- 
forms as 

SSaBCD = T^[A^B]CD + ^[C^D]AB ~ \^[ABE\^ E CD ~ ^[ CDE ]5T E AB ■ (A.44) 

Further, from (IA.3QK if we write 

Tabc = r°ABC + A A BC , A A BC = A Apq V B p V C q + A A pgV B P Vc q , (A-45) 

we get 

Sabcd = Sabcd + ^°a^b]cd + T^\c^d\ab + ^d[a e ^\c\b]e + A B \c E A\ A \d]e - \A E abAecd ■ 

(A.46) 

Consequently, with 

Sab := S c acb , (A.47) 

we also obtain^ 

S AB = Sab + V c A ( ab) C + \A C adA c B D - A C adA d b C ■ (A.48) 



7 Note that, in contrast to dA.46t , we have organized the right hand side of the equality in l |A.48t as torsionful objects. 
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Especially for the torsion free case, we have in addition to (IA.41I) and (1A.42I ) 12311 



Pi a Pj b Pk c Pl d S° abcd ^O, 

p I Ap J O i pBD_pBD )S ABCD ^ 0i 

S oA A ~0, (A.49) 

(pABpCD + pABpCD )S AcBD „ Q ; 

S abcd + S °bcad + S cabd = : Bianchi identitiy , 
and the relation (IA.44I ) reduces to 

SShiCD = V° [A 6T° B]CD + V° [C 8T° D]AB . (A.50) 
The variation of the torsionless connection ought to be induced by the (arbitrary) variations of the projec- 



tions and the DFT-dilaton [23], 



6T°cab = 2PDPJ(V° C 5P D E + 2(Pjf - P°P*)V° D 6P E c 

-rhiPciAPjf + P c[A P^){.d D 5d + P E[G V oG SP E D] ) (A.51) 
-r° FDE 5(V + P)cAB FDE , 



where the variations of the projections meet [22] 



SP = P5PP + P5PP , 5P = P5PP + P5PP , 5P = -5P , (A.52) 

and may be generated by those of the double-vielbein, 

SPab = V B p 8V Ap + V A p 5V Bp , SP AB = V B HV Ap + V A HV Bp . (A.53) 

Further, the arbitrary variations of the double-vielbein satisfy 

SV Ap = P A B 5V Bp + V A q 5V B[p V B q] , 5V Ap = P A B 5V Bp + V A «5V B[p V B q] , (A.54) 

and the generic torsionful spin connections transform as 



6$A Pq = V A (V B p 5V Bq ) + V B p V c q 5T ABC 
5$ Apq = V A (V B p 5V Bq ) + V B p V c q 5F ABC 



(A.55) 
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and the gravitinos vary as 

b^ A = (% + ^SV B W B p) V A P - tPb5V b p V a p , 



(A.56) 

8^' A = (8ij/ p + %5V B q V B p ) V A p - tP' b 5V b p Va p . 



A.3 Projection-aided covariant derivatives and covariant curvatures 

Under double-gauge transformations, the connection and the semi-covariant derivative transform as 

(5x-Cx)Tcab =i 2[(V+P)cab fde - SjS£5£]d F d [D X E] , 

JL _ (A.57) 

(5 x -C x )V c T Al ... An ^Y.^ V+V )cA l BFDE d F d [D X E] T Al ... Ai _ lBAt+1 ... An . 

i=l 

Hence, the semi-covariant derivative is not generically double-gauge covariantj§ We say, a tensor is double- 
gauge covariant if and only if its double-gauge transformation agrees with the generalized Lie derivative, 
ie. -<\x -C x \ 

Similarly, while the derivative D A = d A + $> A + $> A dA. 19b is Spin(l, D— l) L x Spin(D-l, l) R 
local Lorentz covariant, it is not double-gauge covariant, since 

(S x - £x)$A Pq ^ 2V ABC DEF d D d [E X F] V B p V c g , 

_ _ (A.58) 

(8 X - £x)$Ap<j ^ 2V ABC DEF d D d [E X F] V B p V c q . 

Also from 

(8 X ~ tx)S ABCD * 2V\ A ((V+P) B][CD] EFG d E d [F X G] ) + 2V° [C ((V+V) D][AB] EFG d E d [F X G] ) , 

(A.59) 

we see that S a ABCD is not double-gauge covariant as well. 

However, the characteristic feature of the 'semi-covariant' derivative is that — as the name indicates — 
combined with the projections, it can generate various fully covariant quantities, with respect to double- 
gauge, Spin(l, D—1)l x Spin(D— 1, 1)# double local Lorentz and O(Z), D) symmetries. 



Nevertheless exceptionally, Eos.l lA.2n IA.22I [A. 271 [AT281 IA.34I IA.35b are double-gauge covariant. This fact is consistent 
with the uniqueness of the torsionless connection and the covariant property of the torsion. 
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We write down (projected) parts of spin connections which are double-gauge covariant II23L 12411. 



PA B $B Pq , PA B ®Bpq, ®A\p q V A r] , $>A[pqV A f], $>ApqV Ap , ^ApqV Ap - (A.60) 
From these, fully covariant quantities follow. 



Covariant derivatives for 0(D, D) tensors 12311 : 

P c d P Ai Bi Pa 2 B2 ■ ■ ■ PA n Bn V D T BlB2 ... Bn , 

P C D Pa B 'Pa, B * ■ ■ ■ PA n B "V D T BlB2 ...B n , 
pABp^p^D, . . . p Cn Dn VATBDiD ^ Dn t 

pABp^p^ . . . p Cn Dn VATBDiD ^ Dn t 

pABp c D x p c D 2 . . . p Cn Dn VAVBTDiD ^ Dn f 

pABp c D ipc D 2 . . . p Cn Dn VAVB T DiD ^ Dn . 



(A.61) 



Covariant derivatives for Spin(l, D— 1)l x Spin(/J— 1, 1)r tensors: 

73 T- - - T)-T 

T>PT - - - T>PT- (A.62) 

T> T)PT- - - V-VPT 

tSp^ ± q\q2---qn ! LSpLs ± q\q2---q n i 

where we set 

V v := V A P V A , V p := V A p V A . (A.63) 

These are simply the pull-back of the chiral and anti-chiral 0(D, D) vector indices in (IA.61I ) to the 
Spin(l, D—l)i and Spin(7J— 1, 1)r vector indices using the double- vielbeins. 



• Covariant Dirac operators for fermions, p", ipp, p , i/r" 1124 125H : 



jPVpp = ~i A V AP , l p V p il> p = j A V A ifj p , 

V p p, V p ^p = V^ a , (A.64) 

i> A lp{^A^q ~ , 
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ancrj 

jPV p p' = ^ A V A p> , = ^V A i(/ p , 

V pP ' , V^'p = V A ^' A , (A.65) 

Covariant derivatives for Spin(l, D—l)i x Spin(D— 1, 1)^ bi-fundamental spinor, T a a : 

j A V A T, V A Tj A . (A-66) 

These are new results we report in this paper. Combining the two, we further define 

V + T := 1 A V A T + 7 (D+1) ^aT7 A , 

(A.67) 

p_r := 1 A V A T - ^ D+ VV A Tj A . 

As shown in section 12.21 for the torsion free case, the corresponding operators are nilpotent, up to 
the section condition (11.21 ). 



(V° + ) 2 T~0, {V°_) 2 T~0, (A.68) 
and hence, they define cohomology. 

It is worth while to note 

V±{^ D+1 )T) = -^ D + l )V T T , V±(T^ D+ V) = (V T T)^ D+1 K (A-69) 



'Writing explicitly, 



v A iPp = (d A + j^A Pq j pv )ipp + $a p - 9 > ? , v A ip B = {d A + l^A Pq y m )ipB + r AB c ^c : 

V A f v = (d A + %*Aptf*W, + $a/< , Va^'b = (d A + \$ Am i m W B + r A B C ^c ■ 
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• Covariant curvatures |23|, |25|] : 
Scalar curvatures, 



P ab P cd S AC bd, P ab P cd S AC bd, P AB S ab , P ab S ab , (A.70) 

and a rank-two curvature, 



Spq 2^ T ^P1 2^ r ^1P ' (A. 71) 

where we set 

S P g := V A p V B gS AB . (A.72) 

We emphasize that — while S°g is covariant for the torsionless connection — if nontrivial torsion is 
present, 5™ alone is not covariant: the full expression in Eq. (IA.71l ) is called upon as for a covariant 
quantity! 10 l 



It is worth while to note, up to the section condition (11.2b . 

P ab P cd S AC bd * P AB S AB , 

(A.73) 

P ab P cd Sacbd „ P ab Sab 

Further, in the torsion free case, all the scalar curvatures are equivalent as 

pAB pCD qo ^ pAB qo ^ pAB pCD Q o ^ pAB Q o , A 1A x 

r r J A CBD *■ b AB — ~^ ^ b AOBD — ~ r b AB ■ <A./4) 

While any of them may constitute the DFT Lagrangian for the NS-NS sector I23II25I] . only the fol- 



lowing combination allows for the 1.5 formalism to work in supersymmetric double field theory |25|j, 



£nsns = \e-™{P AB P CD - P ab P cd )S AC bd ■ (A.75) 



A.4 Reduction to Riemannian geometry in D dimension 

Assuming that the upper half blocks are non-degenerate, the double- vielbein satisfying the defining prop- 
erties (IA.7b takes the following most general form 112311 . 



V Ap 




I 



Va-p 



1 



(e-V 



^ (B + e, 



(A.76) 



vp 



°For example, see the equations of motion in M = 1 SDFT |25 



31 



Here e M p and e v v are two copies of the .D-dimensional vielbein corresponding to the same spacetime 
metric, 

&fj, ^u^VpQ — &fJ > &v^Vpq — Q\iv ; (A.77) 

and B^ v corresponds to the Kalb-Ramond two-form gauge field. We also set in dA.761 ), 



R — R (p~ l ~\ v 



1\ V 



(A.78) 



It is worth while to note that, (e 1 e)p p and (e 1 e) p p are local Lorentz transformations, such that 

(e^e)/ (e-^'Tfc, = -fjpq , ( e - 1 e)/( e - 1 e) ? % g - = -r^ . (A.79) 



Instead of (IA.76I) . we may choose the following alternative parametrization, 





with 



(A. 80) 



(A.81) 



Physically, and e^p correspond to a pair of T-dual vielbeins, such that both give rise to the winding 
mode spacetime metric, 



e%e v q rf* 



-l^l v - q ^={g-Bg- x B)- x ^ 



(A. 82) 



Note that, in the winding mode sector, the D-dimensional curved spacetime indices are all upside-down, 
such as x„, e%, ^ (cf. x", e/, e/, B^). 

In connection to the section condition, d 8a — d 1 -2b . the former parametrization (1A.761 matches 



well with the choice, — ~ 



a 



0, while the latter is natural when 



d 
th-.i' 



0. Yet if we consider dimensional 



reductions from D to lower dimensions, there is no longer preferred parametrization. For related discus- 
sions we refer to [40-42, 53-5rjl. 



Henceforth we restrict ourselves to the parametrization (IA.76I ) and to the section choice F*1 

d 



dx. 



0. 



(A.83) 



"This restriction reduces our 0(D, D) covariant stringy differential geometry to the generalized geometry. 
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In analogy to the DFT master semi-covariant derivative, T>a (1A.18I) . we consider a genuinely D- 
dimensional master derivative |23|], 

^M = V M + w M + w MJ (A.84) 

which is covariant with respect to the D-dimensional diffeomorphism and the pair of local Lorentz groups, 
Spin(l, D— 1)l x Spin(D— 1, 1)r, as denotes the standard D-dimensional diffeomorphism covariant 
derivative, while uj^ and Cu^ correspond to the spin connections of the local Lorentz groups, Spin(l, D—l)i 
and Spin(D— 1, 1)# respectively. Yet, it is not 0(D, D) covariant. 

It satisfies 

D\g^u = VaSV = , D^e um = , D^e un = , (A.85) 

and hence, as in dA.291 ), the D-dimensional spin connections are determined by 



CO 



/mm ~ ifi )m V 'u^wi j LUfimn — (c )m V ifivn • (A. 86) 



For the diffeomorphism covariant derivative, y , we assume the torsionless Christoffel connection, 

{ A} = \9 Xk (d»g K u + d v9llK - d K g^) . (A.87) 

In terms of the parametrization of the double-vielbein (1A.76I ). the projection-aided covariant spin connec- 
tions in Eq. (IA.60l > read explicitly for the torsionless connection, 

V2V A p $° Aqr ~ ePpuifHp. + \H Pqr , ^ vA v^%r - ^V^mr + \ H pqf , 

^Al Pq yA r] - ^fo^r] + \H pqr , sj2& m V A f] ~ Q m e» f \ + \H pq f , (A.88) 

Clearly, these are diffeomorphism and S-field gauge symmetry covariant, and hence, as asserted, double- 
gauge covariant. Using the results, we may express all the fully covariant derivatives in section IA.3I in 
terms of the usual D-dimensional Riemannian terminology f23l. 12411 . For example, for the fermions, p a , 
we get 



V2"f A V A p ~ 7 m (d mP + \uJ m npl np P + k H ^n P l nP P - 3 n 
V2-f A V° A 1pp ~ 7 m (dm^Jp + \uJmnpT P ^p + Umpq^ + ^H mnp j np tp p + \H m p q tp^ - d m (j)^p) , 

V2V A pV° A p ~ dpp + \up qr l qr p + lH Pqr7 " r p , 

V2V A i; A ~ c>% + ±0^7^ + + \Hp qr l qr V - 2dp^ p , 



(A.89) 
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and for the other fermions, p' a , ip' p a , which are in the opposite Spin(l, D—l)i x Spin(D— 1, 1)^ repre- 
sentations, we have 

>/2^ W ~ d pP ' + \uj M r^p' + \n v -vi w p' , 

sf2V\tf A ~ + iw p<7r -7^ /p + ^ W + \H vW l ¥ '^' v ~ 2d p U' p ■ 

(A.90) 

Here, for simplicity, we set d p = (e~ 1 ) p ^d fl , dp = (e~ 1 )p^d ll , etc. 
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